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Abstract 

In the Schrodinger picture of the Dirac quantum mechanics, defined in charts with 
spatially flat Robertson- Walker metrics and Cartesian coordinates the perturbation 
theory is applied to the interacting part of the Hamiltonian operator produced by the 
minimal coupling with the gravitational field. First and second order perturbations 
are computed. 
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1 Introduction 



The purpose of this paper is to investigate the possible influences of the grav- 
itational field over a system such as the hydrogen atom in a de Sitter space- 
time. Do such influences exist and if so, are these measurable by any experi- 
ment ? 



Recently a new time-evolution picture of the Dirac quantum mechanics was 
denned in charts with spatially flat Robertson- Walker metrics, under the 
name of Schrodinger picture pQ. In the non-relativistic quantum mechanics 
the time evolution can be studied in different pictures (e. g., Schrodinger, 
Heisenberg, Interaction) which transform among themselves through specific 
time-dependent unitary transformations. It is known that the form of the 
Hamiltonian operator and the time dependence of other operators strongly 
depend on the picture choice. In special and general relativity, despite of its 
importance, the problem of time-evolution pictures is less studied because of 
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the difficulties in finding suitable Hamiltonian operators for scalar or vector 
fields. 

We are interested in the Schrodinger picture defined in charts with spatially 
flat Robertson- Walker metrics and Cartesian coordinates. We take a look at 
the Schrodinger equation in this picture. On a space-time with Robertson- 
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Walker metric the Coulomb potential has the form ^a{t). In the moving 
charts with RW metrics of the de Sitter spacetime the operator H(t) is time- 
independent and a/ a =const. In this conditions the Coulomb potential in the 

2 

Schrodinger picture is just ^- so we find that the Schrodinger equation for the 
hydrogen atom is identical with the one from the non-relativistic quantum 
mechanics. This is the perfect scenario to apply the perturbation theory. 

Trying to add the gravitational interaction to the simple problem of the hy- 
drogen atom gives us a very interesting case to study. The Coulomb - Kepler 
problem is not solved directly so far by the use of the Dirac or Schrodinger 
equations. We propose to study the effects of the gravitational interaction by 
considering gravity as a perturbation added to the simpler problem of the 
hydrogen atom. For this paper we use numerical methods to compute the per- 
turbations for the energy levels produced by the minimal coupling with the 
gravitational field. We set the entire problem on the de Sitter space-time and 
apply the perturbation theory. 

We start in the second section with a presentation of the Schrodinger picture 
and by writing down the Schrodinger equation we will be using and an ex- 
planation of why it has this form in our particular case. The next section is 
devoted to the perturbation theory and how we applied it in our case. A brief 
description of the numerical method used is also given as well as the results 
that were obtained with it. In the last section we are drawing a conclusion 
from these results. 



2 Preliminaries 



We consider the Schrodinger picture as the picture in which the kinetic part of 
the Dirac operator takes the standard form i^ dt+i^ l di [1] . The transformation 
ip(x) — > ips( x ) — Us(x)ip(x) leading to the Schrodinger picture is produced by 
the operator of time dependent dilatations 



Us(x) 



exp 



-ln(a(t))(x- d) 



The Schrodinger picture may offer one some technical advantages in solving 
problems of quantum systems interacting with the gravitational field. For ex- 
ample, in this picture we can derive the non-relativistic limit (in the sense 
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of special relativity) replacing Tio directly by the Schrodinger kinetic term 
2^-P|, where the Hamiltonian operator TC = TLq + TCi n t- Thus we obtain the 
Schrodinger equation 



1 » . at h 3 
A -i— -4- [x-d + - 

2m a(t) V 2 



(x) = id t <fi(x) 



(2) 



for the wave-function of a spinless particle of mass m. 
In the particular case of the de Sitter spacetime, the Schrodinger picture will 
lead to important new results for the Schrodinger equation in moving charts 
with RW metrics and spherical coordinates. In these charts where H = H(t) 
is conserved, the mentioned equation (T2J) is analytically solvable in terms of 
Whittaker hypergeometric functions. 



We consider the interaction hamiltonian term Hi 



perturbation 



and would like to apply the well known methods of the perturbation theory 
to a simple case like the hydrogen atom. Our equation in physical units is 



A - ifvuj [x ■ d + - + — 

2m V 2 r 



ty(x) = Ety(x) 



(3) 



where q 2 = £^ is the Coulomb potential (and Z = 1 for the hydrogen atom). 
It can be easily shown that on de Sitter space-time the Coulomb potential 
has the same form (2-) as on Minkowski space-time; in this way the "clasical" 
problem of the hydrogen atom remains unchanged and the perturbation theory 
is well suited for studying the effects of minimal coupling with the gravitational 
field. 



3 Perturbations - first and second order 



It is obviously much better for such the hydrogen atom to work with 

spherical coordinates. Making the transformation {t, x} — > {t, r, 8, 0} we get 
fd = r-ip. We also have the posibility now to separate the radial components 
from the spherical components: 

< x\n, Z, m >=< r, 9, (j)\n, Z, m >; *(r, 9, (j)) = R n i(r)Y lm (9, 0) (4) 



The radial functions are well known and can be expressed in terms of the 
Laguerre polynoms: 

f 2Z (n - I - 1)! 1 1 f _£i i T 2i+\, \ , r \ 
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where The angular components of \I/(r, 9, <fi) have to satisfy the con- 

dition / Y lni Yi/ m /dQ = 5u'd mm i so we will only have to deal with the radial 
components from this point on. 

The energy levels in the case of the hydrogen atom are given by E n ^ = -t^t^s', 
by adding corrections due to perturbations we have 

AE = E® + EV+Eg l > + ... 

. We want to compute this corrections for the first and second order. For the 
first order we just need the matrix elements of the interacting hamiltonian 
term. 

E n 1] =< n, I, m\H mt \n'l'm' > (6) 



The computation is straightforward and the result is zero for any value of n 
(energy level). This means the first order perturbations give no contribution 
to the correction of the energy levels. 

For the second order we used the well known relations from the perturbation 
theory that give us the second order perturbations of the energy levels. 

zn(2l ^ E n \Hi nt \Ek >< Ek\Hi nt \E n > 

E n =1^ 7-1 VP. ( ? ) 



E n — E k 



This time te computation gets more complicated but still solvable with a 
mathematical software like Maple or Mathematica or by implementing a cus- 
tom numerical routine. We define a procedure that can compute the values 
of the radial functions using the Laguerre polynoms by taking as input only 
the values of the quantum numbers n and I. Using this we write the action 
of H int over \E k > and we can evaluate the integrals from the equation ([7]). 
Than is just a matter of making the summation of the terms of this equation 
omitting the term where k ^ n. By controling the number of terms in this 
summation we cand adjust the precision of our method. The contributions due 
to the second order perturbations are not zero like those of the first order. 

We will give hear the results for the first values of n that were obtained with 
some custom Maple procedures, with Z = 1 for the hydrogen atom. We have 

Eg* = ^> (8) 

to get to a system of units with physical meaning. Bellow are given some of 
the computed values for the dimensionless quantity e( 2 >. 
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Table 1 



Perturbation for the energy levels eh, computed with different number of terms 

For the equation ([7]) the same numerical routines were applied making the 
sumation for different number of terms, from 10 to 1000. This was a test of 
the convergence of our method of computation; the results did not change 
significantly even though the number of terms was greatly increased. 

We ask ourselves what is the magnitude of this perturbation in order to see if it 
can be measured or not, and if so what to expect. For this we evaluate from the 
equation ([8]) the factor that multiplies by having the value of uj of the same 
order as the Hubble constant (Hq « 2.3 x 10 _18 s _1 ) in our de Sitter universe. 
This gives us : ^4 = « 8.4 x 10~ 68 eV (lu.a.e. = 27.2leV). This value 

° meg lu.a.e V / 

is extremely small and obviously can not be measured in any experiment. 



4 Concluding remarks 

Let us summarize what was done: we have started with the classical hydrogen 
atom problem by taking advantage of the fact that on de Sitter space-time 
the Coulomb potential has the same form as on Minkowski space-time. We 
have considered the gravitational interaction as a perturbation and using the 
perturbation theory we have computed the first and second order perturba- 
tions for the energy levels of the atom. In the first order we have seen that all 
this are zero. In the second order although we got non-zero values those are 
so small that can easily be neglected and can not be even measured in any 
kind of experiment. The conclusion we draw is that theere are no measurable 
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cosmological influences over the atoms from the minimal coupling with the 
gravitational field. 
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